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ABSTRACT

In previous work, we explored the possibility of using intensity correlation techniques, based upon
the Hanbury Brown-Twiss effect to perform fine resolution imaging in the service of exoplanet astronomy.
Here we consider a multi-spectral variant of the Hanbury Brown-Twiss technique. At each of a number of
independent, light-gathering telescopes photodetection data encompassing each of a set of frequency
channels are obtained and then are communicated to some convenient computational station. At the
computational station, the correlations among the photodetections in each of the frequency bands are time
averaged and then further averaged over the various frequency channels to arrive at measurements of the
mutual coherence magnitude for each pair of telescopes. From these statistics, imaging data are, in turn,
computed via phase retrieval techniques. Here, within a modern quantum optics framework, we examine
the signal-to-noise characteristics of the coherence estimates obtained in this way under a variety of non-
ideal conditions. We provide step-by-step derivations of the statistical quantities needed in a largely self-
contained treatment. In particular, we examine the effects of partial coherence on a scene typical of
exoplanet imaging and show how partial coherence can be used to greatly attenuate the parent star. We find
that the multispectral version of intensity interferometry greatly improves the signal-to-noise ratio in
general and dramatically so for exoplanet detection. The results also extend the analysis of signal-to-noise
to a wider variety of practical conditions and provide the basis for multispectral intensity correlation
imaging system design.
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1. INTRODUCTION: THE SYSTEM CONSIDERED

Over the past several years, much progress has been made in the development of the entry pupil
processing (EPP) approach to ultra-fine resolution imaging [1-4]. Within the context of a synthetic aperture
system employing a multiplicity of modest-sized telescopes, this approach involves the conversion of light
collected at each sub-aperture into data and the data is transferred to some suitable location where mutual
coherence information and, finally, the desired image are computed. In contrast to conventional Michelson
interferometry, entry pupil processing eliminates the need for extreme-precision relative positioning control
for path length control and the necessity of transporting collected beams to a central combiner. Each
spacecraft-hosted telescope can be operated as an independent unit with metrology-derived relative position
knowledge replacing the need for very precise formation control. Two principal detector technologies have
been investigated for the implementation of entry pupil processing: Multi-channel optical heterodyne
detectors [1], and Intensity Correlation Imaging (ICI) imaging arrays [5-9]. Recent studies [10] of sparse
aperture techniques have compared the two EPP technologies with Michelson interferometry. In particular,
use of ICI offers several decisive advantages. The light collecting telescopes are completely independent,
not even the propagation of collected beams to some central combiner is needed. Only the data on the
several photoelectric signals are brought together. As a consequence, the optical path differences do not
have to be maintained strictly constant and slight optical element motions have a very small effect. The
requirements on the a priori knowledge of the relative positions of the telescopes are extremely benign,
being confined to a precision equal to some small fraction of the maximum baseline divided by the square

* dhiland@tamu.edu; phone 979 862-2647; fax 979 845-6051



mailto:dhiland@tamu.edu

root of the number of pixels that are desired in the final image result. Furthermore, the light-collecting
telescopes need not be of very high optical quality, since their chief function is merely to direct the light to
a photo detector at the focus. Finally, this approach requires only conventional photometric and processing
technology.

Since ICI is based upon the Hanbury Brown-Twiss effect, we consider a system composed of
several light-gathering telescopes, each equipped with a photodetector and apparatus to record the time
histories of the photodetector output signals. With each telescope operating as an independent unit, the
photodetector output data are communicated to some convenient location where the cross-correlation
statistics of the signals are computed to yield estimates of the mutual coherence in accordance with the
Hanbury Brown-Twiss relations. From these statistics, imaging data are, in turn, computed. Here we
examine the signal-to-noise characteristics of the coherence estimates obtained in this way, providing
fundamental, step-by-step derivations of the statistical quantities needed in a largely self-contained
treatment carried out in the framework of modern quantum optics. The results extend the analysis of signal-
to-noise to a wider variety of practical conditions and provide the basis for multispectral intensity
correlation imaging system design.

2. PHOTODETECTOR OUTPUT STATISTICS: BASIC THEORY

We consider the following situation. Light from an extended, incoherent, thermal source is
received by two afocal telescopes. The light collected by each telescope is directed to a photodetector and
the output signal of the photodetector is acted upon by some signal shaping electronics. We denote the

impulse response of the photodetector and the signal conditioning electronics by k(t) . The photodetector

and conditioning electronics has response time T, . Hence, the output of the signal conditioning electronics,
J, (1), k=1,2, can be expressed as:

3, ()= k(t-t;) 2.1)
jn
where the sum is to be taken over the various random photon arrival times, tjn , occurring at telescope n.

We determine the time average of each output. The symbol <L >T denotes the time average,

defined as;
1 ¢t
L) = T | L (L)dg (2.2)
where T, denotes the averaging time, where T _>>T, is assumed here. We reserve the symbol (l_ > for the

ensemble average. We next subtract <‘]n(t)>Ta from J,(t) for N=1,2 to obtain the fluctuating
component of the output of each photodetector:
A3, (1) =3, ()= (3, (1), (2.3)
More generally, the prefixes “A” and “ ATa ” indicate fluctuations about the ensemble average and about
the time average, respectively. In other words, for some quantity, A(t) X
AA(t)=A(t)—(A(t)), A A(t)=A(t)-(A(t)), (2.4.a,b)
As the final step in this process, we multiply the two fluctuating outputs and average the result over T, .

Assuming that all processes are stationary and ergodic, then as T, increases without bound, the time

averages coincide with ensemble averages. In this limit, as discovered by Brown and Twiss, the correlation

<AT J, (t)AT J, (t)> is proportional to the square of the magnitude of the normalized mutual coherence
a a Ta

of the incoming radiation at the two telescope locations.



Regarding the incident field, we assume that the field is quasi-monochromatic, i.e. that it is
confined to a narrow spectral band, A v, , centered at frequency v such that Av, <<V . For the moment,

we consider a single spectral band in evaluating the signal statistics. In a later section, we extend these
results to the simultaneous correlation of multiple spectral bands. Following [11] we define the spectral

range, A v, from considerations of the extent of a unit cell of photon phase space. With definitions (4.3-78
to 4.3-81) in [11], pp.179-180, we have:

TAv, =1 (2.5)
where T_ is the correlation time of the light defined in (2.25) below. We make the “slow detector
assumption” that T, << T, .

In calculating the desired statistical characteristics of, <AT J, (t)AT J, (t)> one could follow the
a a Ta

procedure in reference [11], to produce results pertaining to any impulse response function, k(t).

However, our object is to evaluate higher order statistics than are considered in [11] and calculations for a
general impulse response would prove very laborious while yielding little insight. Hence, we resort to

simplifying approximations for k (t).
Assume thatk(t) rises rapidly to a plateau and then falls rapidly to zero at t=Tg, and therefore
approximates a rectangular pulse:
K, 0<t<T
k(t)= { ‘ (2.6)

0, otherwise

Where x is a positive constant denoting the output peak response. With this form for the impulse response
function, it is evident from that J_ (t) n=1,2 is proportional to the number of detection events in [t-T, t]:

J (t)=mn (t.T,) 2.7)

where N, (t,Td) is the number of detection events occurring during the time interval [t—Td ,t). This

relation considerably simplifies calculation of the required statistics.
The primary statistics to be calculated are the mean and standard deviation of

<AT J, (t)AT J, (t)> . To evaluate these quantities, we need to assemble the basic probabilistic relations
a a Ta

for n, (t,T, ). Within the quantum theory, the joint probability density of n, (t,T,) and n, (t,T,)is:

Wlnlwznz e*(W1 +W, ) > (2 ) 8)

p(nl’nz;t’Td):<T: nIn, !

where 7 and (: L :) are the time ordering and the normal ordering symbols and where:
Y 2 t " '
W, =acf d’x [ dt'i(x.t) (k=12) (2.9)
Here, « is the dimensionless quantum efficiency of the detectors (assumed the same for all detectors). The
two-dimensional vector, x, , is the position vector of points on the entrance pupil, S, , of the K™ telescope

(where we assume here that the entrance pupil maps one-to-one onto the detector aperture). We suppose
that both telescopes have total aperture area S. f(xk,t) is the number density per unit volume in the field

incident upon the entrance pupil of either telescope:
L(x,,t) =V (x,1)*V(x,.t) (2.10)



where \7(xk,t) is the configuration space photon localization operator. In writing (2.9) we assume that

there is nearly normal incidence on both detectors. Note that in view of the optical equivalence theorem for
normally ordered operators (2.8) can be expressed as:

p(n it T,) = [#(1v})—

le”lwz"z e g fv)
W, =acf, d° [ dv1(x.t) (k=12) (211)
I(x,,t)= \'% (%, 1)*V(x,,1)
Where ¢({v}) is the phase space functional or the diagonal representation of the density operator for the
field. v (x,,t)is the right eigenvalue of {/(xk,t) belonging to the coherent state {v}. For a thermal
source, ¢({v}) is actually a probability density that is jointly normal in all the attendant random variables.

Using (2..11), it is evident that by exchanging the phase space integrations with the summations
over n, and n,, one can express any moment, such as <n1rn§>, in the form:

(ninz)=({nin), ),
(nin) {ii LTS (wﬁwz)} (2.12)
1(xg,t) and I(x;,t) fixed

om0 N Iny!
=[o(vHL )d{v}
<n1rn§>I may be considered as the conditional expectation of n/n; given particular distributions for the

functions 1 (x,,t) and I (x,,t), with independent Poisson distributions for n, and n,. Then <nl’n§>I is a
functional of I(x,,t) and I (x,,t)with W, :ac.[sk dzxk-[:_Td dt' V' (x,,t)*V(x,,t). Therefore, the

operation <L >¢ is the ensemble average over the statistics of the functions V(xk,t), k=12, all of

which are jointly Gaussianly distributed.
This manner of evaluating moments is particularly convenient due to the properties of Poisson

distributions. In particular, define the r' factorial moment of n(S)as

<nk<r>>I =(n (n,-1)(n, -2)K (n —r+1)) (2.13)

We can determine moments of any order by using the elegant result that:
(N (5) _ r s
<n1 M, >|(r,t) - (<n1>| ) (<n2>| ) (2.14)

where the average of N, conditional upon | (xl,t) and I (xz,t) is given by:

(n(LT,)), =W, =acf d®% [ dt'1(x.t) (k=12) (215)
The phase space averaging generally involves evaluation of cross-correlation functions of order 2M:
I (r,t;,,t,) :<I (r,t) 1 (r,,5)K 1 (ry.t, )> (2.16)

Or, substituting | (x,,t)=V'(x,,t)*V(x,,t):

F(ZM)(rl,ti;rz,tz;K Ty, ,tM)

= (V" (5t )V (1,6 )K V™ (1t )V (1, 0)V (15,5 )K V (50t ) (217)



Since V (r ( ) is a Gaussian process, the Gaussian moment theorem implies that:
(v (r,tn, 4K, t, ) =
ZF(r tr ,t )F(r tr .t )K F(riM JLoor ’tJM) (2.18.a,b)

PR [P PR R P iv !

F(rl,tl,rj,t ) <V*(ri,ti)V (rj,tj)>

where the subscripts i and j, (1S i, <M1<j < M) are integers and z denotes summation

T

over all the M ! possible permutations of the subscripts.
Equations (2.16)-(2.18) pertain to scalar fields. Extension to vector fields is straightforward. Let

the z-axis be the direction of propagation at the space-time point (r,t). Then the instantaneous intensity

I (r,t): Ix(r,t)+ Iy(r,t)
L (r,t) =V, (r,t)V,(r,t) (2.19.a-C)
I, (r,t)=V, (r,t)V,(r1)

Here, V, ( )and Vv ( ) are the x- and y-axis components of the analytic vector field representing the

is:

electric field. For an unpolarized source, these are zero-mean, uncorrelated, and identically distributed
Gaussian processes. In particular the 2" order correlation function for x and y components vanishes:

Fizi (rl'tl; rz’tz) = <Vx* (rl'tl )Vy (rzitz )> =0 (2.20)

Moreover, from the point of view of their correlation properties, the x- and y-components of the field are
indistinguishable:

e (l'lyt1;l'2,t2;K Ty Ty ) :Fiz,y) (r1:t1;rzat2;K Tty )+F§/2,§A) (rl’tl;rZ'tZ;K LEL )
FSXM) (rlvtl;rzvtz;K Ty Ty ) :r(yZ'l\//l) (rl’tl;rZ’tZ;K S ORLY )

(1, (r0) = (1, () = 3T ()

Where I_(r,t) denotes <| (r,t)>.
In view of the above relations, one can see that the counterpart of (2.18) for un-polarized light is:
2M . . .
)(rl,ti,rz,tz,K oty ) =

L5 (o b, )T (it JK TP (ot g ot )

where, again, z denotes summation over all the M ! possible permutations of the subscripts.
T
Finally, we also assume the light is cross-spectrally pure. Under this assumption, the normalized
cross-correlation, defined by:

(2.21.a,)

(2.22)

T )(r11t1 rz, )

y(n b, (2.23)
T
takes the form (M&W, Section 4.5.1):
7(r1’t1;r21t2):7(r1’r210)7/(t2_tl) (2.24)



where 7(t2 —tl) is the normalized autocorrelation function of the field, or the Fourier transform of the
normalized spectral density. Then a natural measure of the coherence time of the light is the integral:

T=["|r(o) dr (2.25)

3. THE MEAN VALUE OF <ATa J; ()AL J, (t)>T - THE BROWN-TWISS EFFECT

In this section, we determine the mean value of <AT Jl(t)AT Jz(t)> and thereby derive the
a a Ta

basic relationship discovered by Brown and Twiss. Using (2.2), (2.3) and (2.7), we have:

(82.050,(0), = 2] nlaTn(En)ae-(en), (o), | 6D

Now we commence to determine the mean value of this quantity. Taking the conditional expectation of
both sides in (3.1) and using (2.14) and (2.15):

((3,3,(0, 2. (), )= < {%Ii_gnl(«:,n D (na(6T)), de=({(m 7)), (e (6T0), >}>

J.i_ dt{f_ dt; <I(x1,t1’)l(x2,t;)> 3.2
:K‘ZCZZCZJ‘S dlejs d2X2 iJ:-T dé: : ;_d t - & & ¢ ( )
: . CT, _fjﬂad; jﬂ dqjﬁ dt; (1 (x, ) 1(x,.13)),

[

Using the Gaussian moment theorem, we have:
<| (Xlltll) I (leté )>¢ = <(Vx*1vx1 +Vy*1vyl)(vx*zvx2 +Vy,Vy, )>¢

* * * * * * * * 3-3
= <Vxl Vxlvxz V><2 >¢ + <Vx1 VleyZ VyZ >¢ + <Vy1 Vylvxz VxZ >¢ + <Vy1 VylVyZ Vy2 >¢ ( )
T T 1 . \|2
=1 (x)I (xz){1+z|y(xl,t1,x2,t2)| }
Substituting this into (3.2) and employing the cross-spectrally pure assumption and stationarity gives:
<<AT3\]1 (t)A, 3, (t)>Ta >
‘5 ’ 5 ! ! !

[ ]l du (1) (x 1)), (3.4)

=K20!2C2'[ dle'[ dzxzifi d¢| 4 . ,
s s Tl _fﬁ—ndé . dtl’.[;Tddt2'<l(xl,t{)l(xz,tz')>¢

1 — =
= EKZOtZCZTCTdG_[Sldzxi_[Sz d?x, 1 (x,)1 (x2)|7/(x1,x2,0)|2

where:

3

© @TaTlch J. 0 U I () —% [ g [0 auf” duly(u —q|)|2} (3.5)

4 4

Considering the first integral in G, as long as neither tl’ nor té are within several multiples of T_ of their

integration limits, the limits of the inner integral may be taken from minus to plus infinity, with an error of
order T, /T, <<1:

[ el du (e -t =7, o] de (o) =T, (362

where use has been made of (2.25). For the second integral, similar reasoning leads to:



j:TadQZ%j:Tadgl [ooauf dul (-t =2 (36)

£,
Hence, substituting (3.6) into (3.5), we findG =1+2T, /T, + O(T, /T, ), and aside from terms of order
T, /T, <<1, (3.4) becomes:

<<ATaJ1 (t)A 3, (t)>Ta > = %KzazczTch (1-2T, /Ta)Ll d2x1j82 d”%,1 (%) T (x,)|r (%, x2,0)|2 3.7)

This is the basic expression of the Hanbury Brown-Twiss effect [7].

4. Standard Deviation of (A J, (t)A J, (1)) - SNR Calculation

a

Using (2.7):

Wl , )
(el ] = J”ﬂdéj‘“dq{<(nl<¢z.m<n1(t,mTa)(nz@sz,m<nz(tm,)>n)> o

)

)

Next, change the variables of integration to:

T=6-&, ¢= L(§1+§2) (4.2)
Then:

<(A[<ATaJl(t)ATaJ2(t)>Tj)2> _ 43)
RUEY PR (m(¢-12T)~(n(T)), )(ma(¢ ~(n,(tT,)), )
LA e )
_(nl(./;+ 2 T,) )(n F+3nT)~(m(LT,)), ) |
5<(n1<;+m)f<nl<t,n>>T J(m(e+2em)~(n 6T, )|

But we now note that if |T|2Td +1T, for some multiple, I, of correlation times, nl(g_ff,Td) comprises

detection events that are statistically independent of those events contributing to n1(§+%T’Td)' The same
remarks apply to nz(g_%f,Td) and nz(g+%f,Td). Thus when |f|2Td +IT,, the two main factors in the

integrand are nearly statistically independent. Since the average of each factor separately is zero, it follows
that the integrand is negligible when |T|2Td +IT,. Then except for contributions of order T_/T, <<1, we

have:

: ey | (M€ =30T)=(R (AT, ) (¢ -30T)~(n (0T,)), (4.4)
A[(a, 3, (t)4, 3,(t T T ( ' '
(Bllssns0])- <I o [{(m(:éﬂ)(m(tﬁd (e -m0) -0, )
(n1(§+%Tde )’<n1(t'Tu )>Ta )(nz (¢+30T, )7<n2 (LT )>Ta)

_<(nl(§+%r,Td)—<nl(t,Td My (e (¢ 42T~ (. (0T,)), )> >
Moreover, the terms max[t—¢,¢ —t+T,] and min[¢ —t,t—¢ —T,] to the upper and lower limits of the

r integration produce contributions of order T, /T, <<1. Neglecting these and invoking stationarity, we get:

Next, invoking stationarity, we find:



(4.5)

Al(8, 3,08, 3,0). || )=xt 2" : )( tT)>)]
<( [< 791 (1) A7 3, ( )>T})> T, '[0 ‘ <<(n1( < >T )( < z(thu)>Ta)>
)~
)-

) (nl(r,Td)—<n1(t,Td ), )(n n, (T,)), ) +O(Ld _Lcj
~([n(mT)~(n 1)), )( (eT)-(n (), )| T
)=n(r-T4,7)+n(0,r-T,) and n (7, T,)=n(7,7)+n (0T, -7):

.
nJ)

Note that n, (0,
‘]2

<(A[<AEJ1 (t)A, 3, (t

(nl(r—Td,r)—<n1(r—Td,r)>Tn)(n (z-=T, r) < (z-T, 1> ) <(n1(1—Td,z')—<n1(‘r—Td,z‘)>n)(n2(T—Tﬂ,r)—<nz(T—Td,T)>Ta)>
n, n, n, n, n,

n
ET #(n (e =T )= =Tp00)), )(me (0.2 =T))~(ma (07T, ), )—<(l(r—Td,r)—< (7=Tas2)), (e (0.7, =) ~(n, (0T, 7)) )>
T #(m (0T, =) ~(n (0.7, = 7)), J(ne (7=Tyu) ~(no (T, T>T)7<(H1(O,Tdfr)7<n (0.7, = 7)), J(ne (7 =Too) ~(na (e =T,02), )>
#(m (07, =) ~(m (0T, - 7)), )(re (0T, - )~ (n, (0T, T>T)7<(H1(O,Td71)7<n (0.7, =7), J(ne (0.7, =) ~(n, (0T, 7)), )>
(n ()= (0 (), ) (malm0)=( (m20)), )= ()= (), (e (m20)= (s (m10), )

(0= (m(n), )(m (0T -2)~(n, (0T, - r)>Ta)—<(r11(T,r)—<nl(r O, (e (0T, =)~ (. (0T, - 2)), )>

’ H{n (0T =)= (0T, ~0), )(m(m)~( (e, )=((n 0T, =)= (10T, =), (e (2) (), ))
0T =)= (0T, ~0), )(m T, =0)~(n (0T, ~0), )= (R (0T, =0)~(n @7, =), )(n. 0T, =7)- (. (0T, 7)), ))

We can see that contributions fromn, (z —T,,7),n, (z,7), and n (0,T, —7) are approximately mutually
statistically independent. In consequence, we have:

<(A|:<ATBJ1 (t)a,d, (t)>Ta })Z>

:’“%f;"’<[(m(n,n—r>—<n1(n,n—r>>n)(n2(n,n—r>—<nz<n,n—r>>n)f—<(nlm,n—r>—<ni<n,n—r)>Ta)(nz<Td,Td—r)—<nz(n,n—r)>m )>Z>

4.7)

where we again invoked stationarity, shifting the time arguments by T, . Now we are ready to use (2.13)
and (2.14) to evaluate the integrand above. Dropping the time arguments for the moment:

({[(n=tm. (1)) >¢<<n1<n1>n><nz<nz>n>>z
={(n;), (n >> < n), (ne), ), ( < 1), (na);)
+4((n,), n)(n,) ( ) ) ((n), <n2>f> (n)-2((n); (n,), ) ()
+<<n1>< > n1>
#(n) (ny) +(n)(n,)" - 4<n1

According to (2.15): <”k (T, T, T)>| I d XkL dt'1(x,,t) (k=12). Now consider the term
({n), (),
((n), (n,), >¢ :azczfsldzajszdzxz.[:“ dt; j:d dty (1(x,, 1)) 1(x,.15)) 4.9)

= (n){me)+ae? [, anx [ dx [ dt [ dty (1 (x )1 (x:04) =T ()T (x,)]

Using (3.3) and (2.24):



<<n1>| (n,), >¢ =(n)(n,)
=1a’c [ d* [ T (x,)T( ()| (x5, 0)f [t [l [ (8 ~t)f

= 105202.[ d le A%, T (x,) T (x,)]7( xl,x2,0)|2 [(Td —T)J‘;ﬁdr'|7(r')|2 —IOTNdr’T’|7(r’)|Z}

(4.10)

The first term in brackets is clearly of order T_ and the second term is of order TC2 . Thus, we obtain:

<<n1>| <n2>|>¢ :<n1>| <n2>| +O(Tc) (4.11)

Similarly, for the other terms in (..), we obtain:

<<n1>| <n2>|2>¢ ={n;)(n,)" +0(T.), <<n1>f (n,), >¢ =(n,)(n,)" +0(T.), <<n1>|2 <n2>|2>¢ =(n,)"(n,)" +O(T;)
(4.12.a-c)
Considering our assumption that T, << T, <<T_, the O( ) terms make negligible contributions to the

integral for <(A[<AT531(I)ALJ2(t)>Tj)2> in (4.7). Then (4.8) yields:

(w0 T)) (o), ) =0 e

=a’c’ (T, —1)2 L dlel_(Xl)J-S dzle_(xz)
Substitution of this into (4.7) gives:

<(A[<ATEJ1(I)ATEJ2 (t)>Tj)2>:K4azc =T J‘ 2% T (x J‘ d2x,T ( (4.14)

Thus, defining the signal-to-noise ratio associated with the correlatlon measurement, denoted by SNR ,; ,
as the ratio of the average of <AT 3 (A 3, (t)> to the standard deviation of this quantity, we have:
a a Ta

SNRy, :\/%aCTC\/IZ{J‘SleXJSZd2le_(x1)l_(x2)|y(x1,x2,0)|2/\/j51d XT (x, J- 4T ( } (4.15)

It is convenient to recognize that the quantity CTCI_(X) is the average number of photon arrivals at

location X per second, per Hertz per unit area. This parameter, which we denote by N, is dependent only
upon the physical condition and location of the source. Also, let us express results in terms of the detector
bandwidth, Av, @/T,. Then our results for the mean and SNR associated with

(A3, (t)A;, 3, (1)), become:
<<ATaJl(t)ATaJ2 (t)>Ta> :%Kzazi—::(l—ﬁ)v[& dzx;N(x;)Lz dzx;N(x;)leszz 2%, (x,) (%, )| (%,.%,,0)

SNR,, :ﬁa@(l—ﬁ)\/kdz x)]. daN( {j a7, d*%, 1(x (x2)|y(xl,x2,0)|2}

(4.16.3,b)

N (x, /ﬂ dN (x;)[ dx (4.17)

While these expressions are useful, the usual practice is not to work with <AT 3, (H)A, Jz(t)> directly but
a a Ta

where:

rather with the correlation coefficient:



ISR ACIA ) (4.18)

o), [s0]),

Where 2\ is the observed time-averaged mean square of the output fluctuations of detector k.
[4,3.00])

Proceeding as before, we find'

<<[A 30]), > \/ad KN (), 0N (x;) (4.19)
{I d xkﬂ(xk)+2a(1_j\/jsld XN (x)) [, N (x;)[ d*x, [, d*xz xk)u(XL)y(xk,XL,O)z}

_<[ATaJk(t)]2>, the expression for

Ignoring the higher order terms that arise from <[Ara\]k(t)]2>

Ta
<CTa > becomes:
(6:)-

o gy ), [, @) a3 0f

J.Sldleﬁ(xl)-kéa(l—ﬁ)\/js]d XN (x; J' d?x,N (x}) J d Xzy(xz)+;a(l ﬁ)\/jsld XN (x; f d>x;N(x})
x d2X1J. d?xa(x,) a(x)) ‘7 xl,};{l,O)‘2 XJ‘ dZXZI d*x;(x,) m(x},) ‘]/ )(2,)(2,0)‘2
.[sl S, S, Sy
(4.20)
Then if we ignore the noise contributions from <|:ATa‘Jk (t)]2>T —<[ATa‘]k (t)]2> the signal-to-noise ratio

associated with C; is identical to the expression for SNR,; , i.e., SNR. = SNR,;
5. Output Statistics for Multi-Channel Correlators

Suppose that N and the coherence are approximately constant over a broad frequency band, say
Ve [vl, V2] , S0 that they characterize the light in the entire band. It would be desirable to make combined
measurements over V € [vl,vz] in order to improve the signal-to-noise ratio. To accomplish this, let us

divide the light received at each telescope into M equal and contiguous frequency bands. For each band
we have a separate photodetector and we correlate the output fluctuations associated with the same band
separately and then average the results for a given pair of telescopes over all M _ bands. The width of each

band is Av, =(v,—v,)/M, . M,is chosen so that quasi-monochromicity is satisfied for each band,
i.e., Av, <<v;. Inaddition, we must ensure that the slow detector assumption is satisfied for each band:
Avy <<Av,=(v,—1) /M, (5.1)

Under these assumptions, it is evident that the average of the correlation of the fluctuations over all these
frequency bands is given directly by the right-hand side of (4.16.a):

1 MC m m
i 2 (3237 2,37 v), ) 62)
:%Kzazi—‘ljc(l—Taszd)\/leleN (x; j d2;N (x, j d xlj d2%,7(x, ) 7 (x,)|7 (%, %,,0)]
d
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Where A, J£m> (t) is the fluctuation at the k™ light collector for the mt" frequency band. However, since the
frequency  bands are not overlapping, the  quantities A|:<AT Jl(m) (t)AT \]gm) (t)> }
a a Ta
andARAT Jl(n) (t)AT Jé") (t)> } for m=n are statistically independent and of zero mean. Consequently,
a a Ta

the signal-to-noise ratio in this case is augmented by a factor of , /Mc :

SNR,, :\/gaJTaMCAvd 1—.&% L dzx{l\_l(x{)L d?x,N (x}) L dleL dzxzﬁ(xl)ﬁ(xz)‘y(xl,xz,O)‘z (5.3)
d 1 2 1 2

In effect, via this artifice, the bandwidth of the detectors is increased M, -fold.

6. Coronography Using Partial Coherence

The expression for <<ATaJ1(t)ATaJ2(t)> >is not simply proportional to ‘7(’%11’%2,0)\2 where

Ta
x,,,and x_, are the positions of the centroids of the collecting apertures unless neither telescope can resolve
the object. For the case in which the telescopes can partially resolve the object, Brown and Twiss [7]
examined simple geometries consisting of uniformly bright disks and arrived at the “partial coherence
factor” as a correction to the SNR results for the unresolved case. Our results for SNR are suited to
examine the more general case involving scenes that have both large, resolvable objects and smaller,
unresolvable objects. The effect of resolvable elements in the image to be reconstructed is apparent in the
— — 2 i
factor ‘D:lezxi_fszdezﬂ(Xl)ﬂ(Xz)\ﬂf(XpXZ,O)\ in the expression for <<ATaJl(t)ATaJZ(t)>Ta>, (4.16.2). We
may usually assume that the intensities falling on the region occupied by the telescopes are nearly constant.
Then z(x,)=ys. Also, the normalized degree of coherence is approximately dependent upon the

difference in positions, x, —x,. Thus we are concerned with the quantity:

1 2
(DS?lele.[szdz)(z‘y(xz_xl)‘ (6'1)
Moreover, under the same assumptions, the intensity image, m OF is the inverse Fourier transform of
I_J/(Xz _Xl) :

M (0)= I_Idzu exp(—27ziu*0) }/(Ar = u/T)
(6.2.a.b)

y(u)zlidee exp(27iu*0) M (0)

Now consider a case representative of imaging an exo-solar planet next to its planet star, where we model
the star as a uniformly luminous disk centered on the origin of the look angle plane:

1, 10| <55
M(0)=B M_(6-0
@-a s = b oo
4 B.52 ) (6.3.a-C)
y(u) == jinc(25; [u])+ dez exp(27iu*0, )y, (u)
4 s9s

7o (u) =#P5§ [a%0 exp(2ziu*0)M, (0)
Here, the star has intensity B, and angular radius 5,. M, (9) is the image of the planet alone, when it is
centered at the origin, y, (u) is the corresponding (approximately normalized) coherence, and @, is the
angular position of the planet. B, is the average intensity over the extent of the planet ¢, is its approximate
angular radius. The jinc function is defined as jinc(|u|) = J1(7z|u|)/2 |u| and in normalizing the expression
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for y(u) we have ignored terms of the order of the ratio of the planet brightness to the star brightness.
With these expressions, we have:

16 ..
= jinc? (2655 |x, - x,|/4)

8B.07 .. iy x [ (6.4.a,b)
+ﬁ@% jInC(Z(Ss ‘xz —xJ/ﬂ)Re(e2 Iz Bp/lyp (‘xz —xl‘/ﬂ))

o= éj.sl dlejsz d?x,

2 2

B, 5
— 5 e (‘Xz_xl‘/’l)

ByJs |
s Bl
y(u);;jlnc(Z(Ss‘xz—xl‘/l)+B—(yzexp(27zl‘x2—xl‘ 0./2)7 (|x,—x,|/2)
S¥s

Now suppose that 5, 21076, &, =107 |9P|, as is the case for the Earth-Sun system. Let us also consider

circular apertures of diameter D; with their centers distance %X >> D, from the origin along the x-axis,
so that the two aperture surfaces have the form:

S,ix, =3 X&+E, [&[< Dy (6.5.a,0)
S,:X, == XX+&,,[6,|< D
Then: ) -
Lf jinc? (25, | Xk +&, -E,|/2)
o (6.6)
21 8B.o; .. ~ 2i(XR+Ey 2, 0/ c
P57 \alwgm/zdzaljwzlwsm/zdzgz +7rBZ5:2 Jmc(zgs‘XX+€1_§2‘/’1)RG(GZ e 17P((XX+§1_5—'2)/1))
B.o?  ve ‘
Hgpr 77 (0% +8-%)/2)

Further, suppose that the coIIeciing apertures are nearly large enough to resolve the planetary disk,_ so that
max|&, —&,| = 2D; =0.11/5, , which implies y, (XX +& —&,) = 75 (XX). Also because 5, =102,

we can use the asymptotic expression for large arguments in evaluating jinc(2§S |X)?+é;l—§2|//1) to

BN . 3
ﬁ[&sx] cos (ﬂ(Z&SXx+§1—§Z/ﬂ—4JJ

get:

32
1 ) ) 2B,0% (A - 3 27i(XRry -8, Y0 /4 o
o=, Y L el N Re(e 7s (X%))
B,&? R
X
i B &7 72 (X%)
(6.7)
Using the approximation [XR+8, —&,| = X + (&, —&,)* X, We have:
3 2 2 3
o 4
<1>;i4 2. BP&;’ 7e (XX) +i4 A cos(”—(sSX—Ezrj[F:f—Pf]
2 o X B, S 27 6 X A 2 (6.8)

B, o7

where:

2
7’Byol | 5 X

32 o (% 1M i %8 Q0
j Re{yp (X)'E)[GIZ”[ZX_§+(XX) Bp/l) |E+|2 N e—lZn[%X—g—(Xx) BP/A] |E7|2 ]}
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Pczij' dzﬁcos ﬁg*)’i , Pszij‘ d2§sin ﬁé*)’z ,
S Jigl<or /2 y) S Jgl=pr/2 A (6.9.a,d)
1

5 \
|z,~zgiii*0p/;.\
L4 )

I .
i27Eg —Xx*0p /A
9{ 2 el 1

== d2ee , E == d’ge
" SJ.\:\SDT/Z s S -[\z\sor/z s
Examine the above integrals. First:
2
P.= 12_[2”d9 ADy/2 sin[zmyS D, cos€j+ A cos[hgS D, cosH]—l
Z Dy 0 476, coso A 4o, coso A
4T s S (6.10)
278 2
:ij P T S 1sin(u)+(1j [cos(u)-1]|~O a
790 275 2 u u 272'55DT
S 2
EDR

We can show similarly that:

Pszo L ) E+zO # , E.=O # (6.11.&-(:)
2765 Dy 27T|9p| D; 27Z'|9P| D,

By virtue of the assumption max|§1 —§2| =2D; = 0.1/1/5,D , P, and P, are seen to be of order ¢, /5, and
E, and E_ are of order 5P/|0P| . Therefore the only appreciable contributions in (6.8) are the first two terms
B.5?

3
O] izt l + 2 yP
27 5,X ) |B.&?

Suppose that X is chosen so that the system images the planetary disc with 100 pixels on a side. Then

2
+HOT. (6.12)

I

(X%)

3
1510—2@3. Hence L[ A j ~_1 492 . In other words, the effect of partial coherence is to reduce the
X =

27t o, X ) ~ 2xt
contribution of the star to the square of the magnitude of the coherence by a factor of 5x107™°. Therefore,
52
even if the ratio of the planet flux to the star flux, — Z , 15 10, the observed coherence magnitude
S™S

differs from that of the planet alone by a relative error of approximately 2x107. The partial coherence
effect allows the system to behave as if it were a coronograph.

As a final remark, we note that it would not be necessary to make each light collector so large that
it actually just misses resolving the planet. The same effect can be obtained with a formation of small
apertures by taking the intensity fluctuations from a set of apertures covering a larger zone and adding them
before calculating the cross-correlations among several such zones. The resulting cross-correlation has a
partial coherence equivalent to what would be obtained from telescopes as large in spatial extent as the
zone containing the small apertures.

7. CONCLUDING REMARKS

In this paper, we derived signal-to-noise statistics for the Brown-Twiss effect within a modern
quantum optics framework. While largely in agreement with previous results, the formulae given here
provide more precise expressions reflecting certain non-ideal conditions, including a fresh look at the
effects of partial coherence. Results are obtained corresponding to a multi-channel correlator and we
demonstrate that the signal-to-noise ratio of the coherence estimate can be markedly improved. Further,
examined the effects of partial coherence on a scene typical of exoplanet imaging and showed how partial
coherence can be used to greatly attenuate the parent star. With appropriate processing, a formation of
small light collectors can be used to measure the planet coherence while suppressing the contribution of the
star.
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