Analytical analysis of the single
photon compression

Photon wavefunction

Spectrum of exponentially decaying single photon waveform.

wO central frequency.
I" photon bandwidth, corresponding to the FWHM of the lorentzian spectrum.

1
¥yl = —————;
7T -1 (w-wo)
YyRE = ComplexExpand[Re[¢1]]
YIM = ComplexExpand[Im[¢1]]

T

T2 4 (—w+w0)2

w w0

72 T2 4 (—w+w0)2 T2 T2 4 (—w+w0)2
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YAbs FullSimplify[Sqrt[YyREA2 + YyIMA2]]
YArg = FullSimplify[ArcTan[¢IM /yRE ]]
Plot[Evaluate[yArg / = /. {T > {6, 26.53}, w0 - 0}],
{w, -500, 500},
PlotLegends - LineLegend[Table[T, {I', {6, 26.53}}], LegendLabel » I' (MHz) | ]

1

m2T2 4 (w—w0>2

ArcCot |

w - w0

0.4f
0.2f
" MHz
‘ ‘ — 6
200 400 26.53

Cavity transformation

Cavity reflection transfer function in frequency.
wc Cavity resonance frequency

I"c Cavity bandwidth
R1 input mirror reflectance

1-R1A(§-+i iﬂﬁ)

Cavity = 2nrel .
vVRL - Rlﬂ(i ﬂ;ﬂﬁ)
2nTc
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Taylor expansion around resonance

CavityApprox = Normal[Series[Cavity /. (v - wC) » Aw, {R1, 1, 1}1];
Refine[%]

CavityRe = ComplexExpand[Re[CavityApprox]]

CavityIm = ComplexExpand[Im[CavityApprox]]

CavityAbs = Simplify[Sqrt[CavityIm?2 + CavityRe”r2], I'c > 0];
CavityArg = ArcTan[CavityRe, CavityIm] /. Aw -> (w - wC)

-nTC-1Aw

nTC -1 Aw

2 Ic? Aw?

- +
72 Tc? + Aw? 2 Tc? + Aw?

27TCAw

2 Tc? + Aw?
72 T'c? (w-wc)? 2nTc (w-wc)

ArcTan|- + , - |
mre?+ (w-wc)?2 a2 re?+ (w-wc)? 72 Tre? + (w-wc)?

Check the approximation

Plot[Evaluate|
{Arg[cavity] /=, CavityArg/x} /. {Tc >3, wc >0, R1> {.98, .8, .7}}],
{w, -500, 500},

PlotRange —» Al1]

1.0

=400 =200 200 40|

-0.5F

-1.0F
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Wavepacket in the cavity

Frequency space

PsiCavity = Simplify[CavityApp*¥l /. Aw -> (w - wC), T > 0]}
TraditionalForm[%]
(» Check the limit case x)
PsiCavityLimit = NewPsi /. {{Tc> T, wc > w0}}[[1]];
TraditionalForm[Normal[%]]
CavityApp
al —i(w— w0)
NewPsi

Plot[{Evaluatee
Table[Arg[PsiCavity] /x /. {w® » 0, wc >0, T »26.54}, {Tc, {.1, 10, 50}}],
Arg[yl] /7 /. {00 > 0, T > 26.54},
Arg[PsiCavityLimit] /x /. {T > 26.54, w0 - 0}},
{w, -500, 500},
PlotLegends -»
LineLegend[Table[rc, {I'c, {.1, 10, 50, "original", Ir}}], LegendLabel » rc],
PlotRange - All,
AxesOrigin » {0, 0} ]

0.4-
0.2F r'c
L — 0.1
I 10
n 1 n n n 1 n n n n n n 1 n n n 1 n n
-400 -200 I 200 400 50
[ —— original
~0.2+ r
-04f
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Time space

PsiCavityT = Simplify[InverseFourierTransform[PsiCavity, w, t],
{rc > 0, T >0, Element[wc, Reals], Element[w®, Reals]}];
TraditionalForm[%]
(» Check the limit case x)
PsiCavityLimitT = FullSimplify[InverseFourierTransform[PsiCavityLimit, w, t],
{Tr'c > 0, T >0, Element[wc, Reals], Element[w®, Reals]}][[1]];
TraditionalForm]

%]
t(nT +iw0) ) ) ) t(nT +iw0)
CavityApp (—n sinh( —) —i(log(-w0 +inT)—log(wd—inT)) cosh(—] +
V2 sgn(?) sgn(?)
t(nT +iw0)

t(nl +iw0)
sgn(?) (7‘( cosh( ) +i(log(-~w0 +in ) —log(w0 — i) sinh( —)D

sgn(f) sgn(?)

NewPsi

Ignore the fast oscillating part at w0 and define Aw=wO0-wc

PsiCavityTSlow =
- ((m (27T rrc - e TTHAY (5t (T4 TC) + 1 Aw) ))/ (r(r-Tc) + ﬁ.Aw))
HeavisideTheta[t]}
TraditionalForm]
%]

—(( 27 6 (2aTee™ ™ - (x (T +Tc) + i Aw) ™! 7T+ Aw))) / ((I'-Te) + u'Aw))
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Plot[
{Evaluatee@Table[Abs[PsiCavityTSlow /. {I' » 26.53, Aw-» 0}]72, {r'c, 1, 8, 2}],
Abs[PsiCavityTSlow] *2 /. {I' > 26.53, I'c > .1, Aw - 1000}}, {t, -.01, .1},
PlotLegends - LineLegend[Table[I'c, {T'c, 1, 8, 2}], LegendLabel » I'c],
PlotRange -» All,
AxesOrigin - {0, 0}]
Plot[Evaluate@Table[ArcTan[-Re[PsiCavityTSlow], Im[PsiCavityTSlow]] /x /.
{r »26.53, aw- 5}, {Tc, 1, 8, 2}], {t, -.01, .1},
PlotLegends - LineLegend[Table[I'c, {T'c, 1, 8, 2}], LegendLabel » I'c],
PlotRange -» All,
AxesOrigin - {0, 0} ]

lc
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— 7

0.02 0.04 0.06 0.08 0.10
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_02 =
r lc

[ —1
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— 7
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Plot[{Evaluatee
Table[Log[Abs[PsiCavityTSlow] 2] /. {I" » 26.53, Tc > 7}, { Aw, O, 50, 10}],
Log[Abs[PsiCavityTSlow] A2] /. {I' - 26.53, I'c > .1, Aw - 1000}},
{t, -.01, .1},
PlotLegends -» LineLegend[Table[ Aw, { Aw, O, 50, 10}], LegendLabel » Aw],
PlotRange -» All,
AxesOrigin - {0, 0}]

Aw
— 0

10
— 20
— 30
— 40
— 50

-5

-20-

Plot[Evaluatee
Tab'le[ArcTan[-Re[PS'iCaV'ityTS'low] , Im[PsiCavityTSlow]] /7r /. {T'>26.53, Tc~>T7},
{tw, 0, 20, 4}], {t, -.1, .03},
PlotLegends -» LineLegend[Table[ Aw, { Aw, O, 20, 4}], LegendLabel » Aw],
PlotRange -» Al1]

1.0
[ Aw
05 —0
I IR SR T S S R—Y - B — 1 BT I 8
0.005 0.010 0.025 0.030
— 12
— 16
-0.5
: — 20
-1.0

Consideronly Aw=0

NewPsi = (PsiCavityTSlow /. Aw > 0) (#* (T-TcC)=*)

1 2
- — (2e7* nrc-e” (I +Tc) ) HeavisideTheta[t]

I'-Tc s
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Series[NewPsi, {rc, T, 2}]
A = Limit[NewPsi, I'c - I]

—e7*"/27 (-1+2ntT) HeavisideTheta[t] +
V2 et 32t (-2+ 1t T) HeavisideTheta[t] (Tc-T) -

1
= (\/2 e T 1%/2 £2 (-3 41t T) HeavisideTheta[t]| (Ic-T)?+0[rc-r]3
3

—e”*"/25 (-1+2ntT) HeavisideTheta[t]

Plot[Evaluate[ {NewPsi*2, A72} /. {I" > 26.53, Tc~> {7, 30, 200}}],
{t, -.01, .05},
PlotRange -» All]

I | e ————
-0.01 r 0.01 0.02 0.03 0.04 0.05

The direct Fourier transform still does not work on the formal definition of Abs of NewPsi.
There' s no imaginary unit left, the phase is only associated with the change of sign. | redefine
NewPsi to set the phase to zero without using the formal definition of Abs[].

SignChangePoint = t /. Solve[NewPsi == 0, t][[2]][[1]]
Limit[SignChangePoint, I'c » I]
Plot[SignChangePoint * 2nxI" /. I' » 26.53, {I'c, 1, 50}]

Log[t=< |

2Tc
m(I'-Tc)

1

2nT
35
3.0 »
25F
2,0 »
15 »

10

10 20 30 40 50
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Plot[Evaluate[ {NewPsi x Sign[SignChangePoint - t], NewPsi, Abs[NewPsi]} /.
{r-26.53, Tc>7, Aw->0}], {t, -.01, .05},
PlotRange »
All]

25¢

2.0r

1.0+

0.5

-0.01 0.01 0.02 0.03 0.04 0.05

NewPsiF = FourierTransform[
NewPsi x Sign[SignChangePoint -t], t, w, Assumptions -» {I'c > 0, I' > I'c}]

2nr-wTe-iw nrT-iw 2nr-nre-iw nr-iw nr-iw nlc-iw
T [172ﬁ (Fic),‘r—n?c) Tc |1-2 nrnre (Fic)ur—/urc 2Tc (l,zm ( Ic )u;,‘rc]
I'+I'c I'+I'c I'+I'c
n _
(T-Tc) (7T-1iw) (T-Tc) (7T -1iw) (r-Tc) (nTc-1iw)
NewPsiFRe = ComplexExpand[Re[NewPsiF]];
NewPsiFIm = ComplexExpand[Im[NewPsiF]];
NewPsiFAbs = Simplify[Sqrt[NewPsiFIm”2 + NewPsiFRe*2], rc > 0]
NewPsiFArg = ArcTan[NewPsiFRe, NewPsiFIm]
1 r'+T'c
_rc 5T-Tc ZzuArg{xj FCZ 2r-2TC
4 rrc |[—27rrc @ nrorrc Ic <T+FC) (7(2FTC+(J)2> Cos [Arg[ +
(I'+Tc)? I'+Tc
_Te |t r+2re e
2 e [8rre 2 T2 T2 - 21 2T TC3 + 8 2 Tt +
1 T c1 r
4T4TC ZuArg[:.rc1 20 2 FCZ r-Tc T 2ohrel e > 3 TCZ r-rc
2rrc @ rrare T4 TC +32r1c @ nrre T TC +
(I'+Tc)? (I'+Tc)?
1 r 1 rc
arirc 2vArg[ ] rc? e arere 20Are[ ] rc? r-rc
2 rrtc @ rrontc 7]'2 TC4 + 2 rrc @ nrontc 7T2 TZ TCZ +
(T +Tc)? (T +Tc)?
re rs2rc rc 4rirc  2wArg[] ]‘c] Tc? r?rc
8rrc % w? -2t ITTcw?+8rre I'c?w?+21rc @ srnrc T2 7) w? +
(T +Tc)?
o 2eml] rc? T arre  20hel ] rc2 e
32rrc @ nr-nrc T"T'c wz + 2 rrc @ rronrc I‘Cz w2 +
(T +Tc)? (T +Tc)?
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Ic

4T+lc 2mArg[i] TCz T-Tc 3r+Tc W‘Arg[i]
27 @ nrmre TG | —M— w? -2t @ nire (T'-Tc) T'C
(T +Tc)?
4 1c?
(m® T rc-w?) Cos||2nTcArg| | -w Log[}]/ (27 (r-Tc)) ] +
T+Tc (T +Tc)?
T+TC wArg| ,l,c] 2 r—r TC
23r,rc (Ezrrg—ﬁ TC)Z ’ (Pz—Tcz) <7r2 Tcszz)
(T +Tc)?
2
Cos||-2nTArg| = }+wLog{4Fc})/(2n(F—rc)H -
T +TcC (T+FC)2
o zearel] re? )i«
32rc e srare nI2TC | ———— wSin[Arg[ }+
(I'+Ic)? r+Tc
N 20Ar ’i] 2 riﬁcc
327 e et [ LS T wsinfarg| ! 1] -
(T +Tc)? T+TcC
37r4Tc “‘Arg[i] FCZ zrirc
27 @ arare gAI?TC|——r w
(T +Tc)?
1 4 rc?
Sin||2nTcAr -wlog| ——— / 2 I -Tc
L2 g[r+rc} : g[W+rcV}) (27 )]
37+Tc “‘Arg[,,l,c] TCZ z:;rc
27t @ nrare gICd | —M— w
(T +Tc)?
i 471c?
Sin[|2nTcArg| }—wLog{})/(ZN(F—PC)H—
T+Ic (I'+Tc)?
o earg[) re? —
16iic @ stnrc nI?2TC | ——— w
(I' +Tc)?
2
Sin[|-2nTArg| }+wLOg{L})/<2ﬂ(F—TC)>}+
T+TcC (T+Tc)?
T m 3 Tc? NTFC
16t @ rrrre JTI'C w
(T +Tc)?

Sin|

arel ) s L) e |/

((r-Tc)? (1% +0?) (1% +0?))

T2 nITTc
ArcTan[ + -

(T-Tc) (mM2r?+w?) (T-Tc) (mT?+0w?)

nrT

AT-nTc) w Lo 2
2 Cos [ Lo812]

re
27T-nTc mArg[;}

2 trc? 5
2 srrrc @ nrorre JTL

Tc?

(T -Tc) (m?rc? +w?)

(T'+Tc)? nT-nTc

2
JTI'AI’g[ Irc } wLog[ Irc 2]
Cos | rired (T+TC) ] / ((P-Tc) (m2T2+w?)) -

T -nTc 2 (T -nTc)

Te nT
27T-nTC “*‘”g[ﬁ] Tc? 2 (7T-nTC) w Log[2}
2 srrre @ nrnte UL ITC Cos| —
(T'+Tc)? T -nTC
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I'c L
Cos[ﬁFArg[T*rc} o i (e ]} /((P—FC) (n? T2+ 0?)) +
nT-nTc 2 (T -nTcC)
Sl oael o] re? rc? T Cos wlog[2]
nT-nTc @ nT-nTc JT - =2 -
(I'+Tc)? T -nTC
Cos[HFCArg[ﬁ] _w'-og[?mc) }] /((F—rc> (P rc?+w?)) -
nl -nTcC 2 (T -nTC)
22H’”C uArg{ﬁJ . T2 ijiwc) wcos[ﬁl—'Arg[i} wLOg{ (T+Tc)? }
nr-nrc @ nr-nTc — —
(T +Tc)? T -nTc 2 (nT -nTc)
sin[“=BLL]| / ((r-re) (@24 0)) -
nl'-nTlc
oz varg[ 2] (e e wcos[ﬂFArg[ri;c] wlog| — =t “—]
nT-nTc @ nr-nTc —
(I +Tc)? nT-nTC 2 (T -nTc)
sin[“LEL]) / ((m o) (@4 0?)) +
nl'-nTc
21+% e% Tc re? Z(H:im wCos[ﬂFCArg[riic} - wLog{ F+Fc) }
(T +Tc)? nT-nTc 2 (T -nTc)
sin[“2EEL] ]/ ((rore) (rrera?)) +
nl'-mnTIc
2szn1‘c “Arg{ﬁj - TCZ Z(n:jmc) wCos[w Log[Z}
nT-nTc @ nr-nTc - = -
(T'+Tc)? nT-nTC
I'c L
S_in[nFArg[prc} _w og| (T+Tc)? ]} /((T—I‘C) (T2 +0?)) +
nT-nTc 2 (T -nTcC)
22”1-:an ew”gi[“,;] re FCz 2(n:fn?c) wCos[w Log[2]
(I'+Tc)? nT-nTc
_Ic_ L
S_in[JTTArg[mrc} 7(1) Og[ (T+TC)? ]} /((F—Fc) (JTZI‘2+(U2)>7
T -nTlc 2 (T -nTc)
227'1'77r]"c mA"g[ C] FZ TCZ ﬁs—ln wLog[Z}
nT-nTc @ nr-nTc JT _—
(T +Tc)? nT-nTc
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7T Arg| =< w Log[ ]

Sin[ [rmc} _ (T+Tc)? } / ((P—I‘C) (ﬂz 1ﬂ2+w2)> _
nl-nTcC 2 (T -nTcC)
2nr-nlc A)Af'g{ﬁj TCZ =

" rmre 2 (nr-nTe) . wlog[2]
2 srrre @ nrnre I TC Sin i

(I +Tc)?

nI'-nTc
7T Arg| < wLog[ ]
Sin| [F*FC} - (rre)” ] /((T—FC) (n? T2+ 0?)) -
nT-nTcC 2 (rT-nTc)
T e% e et T wCos [ L2820 Log[2]
(I +Tc)? nT-nTC
nTcArg| T wLOg{—}
Sin| [DFC] - (Tero)? ] /((Fflﬂc) (T +w?)) +
nl-nTc 2 (T -nTcC)
21 ﬁe%nrc re? 2</‘ﬁrrirc) Sin wlogl2]
(T +Tc)? nr-nlc
nrcArg| L] wlog|—- }
S_In[ [FH"C] B F+FC) ] /((T*TC> <7T2 TC2+LL)2>),
nT-nTc 2 (T -nTcC)
Tw Tcw 2Tcw

(T-Tc) (7 12+ w?) : (r-rc) (m12+w?) (T-Tc) (m2rc?+w?)

nr

Tc? ) 2 (rT-nTC) w Log[2j
— wCos| ——

rc
27T-nTC ““Vg[;l

2 srsrrc @ nrnrc I

(T +Tc)? AT -nTc
nrArg[ ] wlog| —<—]
COS[ [mrc} _ T+Fc) } / ((I‘—I‘C) (7T2 F2+w2)) _
nT -nTc 2 (T -nTc)
nT-nTc wAr {ﬁj 2 %
22nr—nrc (e;iT Ic re 2 7)OJCOS O)Log[z]
(I'+Tc)? nT-nTC
nT Arg| =< wlog| —<—]
Cos[ [rmc} - (T+Tc)? } /((T—Fc) (/_(2 1ﬂ2+w2)> .
nT -nTcC 2 (T -nTcC)
s wAr [ ] 2 717;17;1"(‘.
zl*me%rc _rer )= " L Cos wlog[2]
(T+Tc)? nT-nTc
mTcArg| T wLog[i}
Cos[ [nrc] B (T+Tc)? ] /((F—Tc) <7Tz Fc2+w2)) N
nr-mnTc 2 (T -nTcC)
227*1 —nTc w FZ TCZ Z(N;Y—lnrc) Cos[ﬁrArg[Fii;c} &)Log[ (TeTo)? }
nT-nTc @ nr-nTc  JT —_— _
(I'+Tc)? T -nTc 2 (nT -nTc)
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sin[“BLL]| /(0 -ro) (@14 0)) +
nI'-nTc
2 e?%ggjﬁFIT: _ret 2MZFMJCos[ﬁrArg[rtic}O)Log{ (fre) :
(I +Tc)? T -nTc 2 (7T -nTc)
Sﬂmgigﬂzi}//Ur—rq(n%ﬂ+wﬂ)—
nl'-nTc
nr ‘”Arg[,fc] Tc2 z<rﬂrirc\ nlc Arg[ - ] wLog[ r+rc) }
21+711“77t1“c @ rnr-nrc 7TTC2 ' OS[ T'+T'c _
(I +Tc)? T -nTC 2 (71T -nTrc)

sin[“6EL]) / ((rore) (rer+a?)) -
nl'-nTc
22:11_;11: e% HF2 I‘Cz 2(mjmc> w Log[ }
(T +Tc)? T -nTc
7T Arg| =< wLlog[ —<—]
Sin| [DFC} - (T+rc)® ] /((F—Fc) (M2 +0?)) -
nT-nTc 2 (nT-nTc)
nr-nTC wAr {ﬁ] 2 n;—lnrc
zznr—nrc (Enrgfﬁﬂl—‘f‘c e 2 : Cos %
(T'+Tc)? nT -nTC
7T Arg| =< wlog| —<—]
Sin| [F”T} - (rre)” ] //((T—Fc)(ﬂzrz+w2))_
nT-nTc 2 (T -nTc)
2nT-nTC wArg[“‘l] i

TCZ 2 (nT-nTc) . w Lo 2
2 nrorre @ nr-nte I J w Sin ﬁ

(I'+Tc)? T -nTcC

o [HFArg[;—;C} wLog[—-
in -
nT-nTc 2 (71T -nTc)

F+TC) ]

}//((rfrq (m? T2+ 0?)) -

nT

2arnre  ©ArE :c] FCz 2 (nT-nTc) . w LOg[Z]
2 srrrc @ nrnte I'C wSin| ——
(I'+Tc)? nT-nTc
nTArg| <] wlog| =]
. (T+Tc
Sin| me s : ) }//((r—rq (7?12 +w?)) +
T -nTcC 2 (T -nTcC)
s arg ] 5 nTC L 2
o ri I'c 2 (nT-rTC) wlLog[2]
2l+n1 -nTc @ nr-nTc JTI'C Cos i
(T +Tc)? nT-nTc
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nTcArg| LS wLlog|[—<—]
Sin[ {mrc] B (T+Tc)? /((F—TC) <]T2 FC2+w2)) .
nT -nTc 2 (nT-nTc)
L wAT {%J 2 7171'1:‘;1‘(2
2V e egirc re 2 " wSin wlog(2]
(T+Tc)? nT-nTc
nTcArg| LS wLlog|[—<—]
S‘in[ [DFC] - Leel? ] /((T—TC) <7T2I'C2+a)2>)]
nT-nTc 2 (nT-nTc)

Plot[{Log[Abs[y1] 2] /. {I" > 26.53, w0® » 0}, Evaluatee
Table[Log[Abs[NewPsiF]*2] /. T - 26.53, {I'c, { .1, 1, 7, 14, 30, 80}}]1},
{w, -800, 800},
PlotLegends - LineLegend[
Table[ r'c, {T'c, {"Original", .1, 1,7, 14, 30, 80 }}], LegendLabel » rc],
PlotRange »
All]

e
—— original

0.1
—1
— 7
— 14
— 30
— 80

n 1 n n n n n n n n
500 —20f 500

Printin a python - compatible format

pw = PageWidth /. Options[$Output];
SetOptions[$Output, PageWidth -» Infinity];
FortranForm[NewPsiF //.
{EAx_ - exp[x], Complex[z_,y ]-> 1j, Pi-pi, "> Gamma, I'c » Gammac}]
SetOptions[$0utput, PageWidth - pw];

(Gammax (1 - 2+ ((2+Gammaxpi - Gammacxpi + j*w)/(Gammaxpi - Gammacxpi)) (Gammac/ ((
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